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Abstract—The game of Quoridor is a two or four player
strategy game that is based on simple concepts, but due to the
complexity of the rules has a large state space that approximately
has 6.5595 - 10* possible states. Using model checking, small
instances of the game can be analyzed. In this paper we present
that Quoridor has been strongly solved for smaller instances
of the game: The starting player has a winning strategy on
a square board of even size and the opponent has a winning
strategy on square boards of odd size. Using the mCRL2 toolset
and language, Labelled Transition Systems (LTSs) have been
generated for the solved instances of the games, showing the
winning strategy for the winning player.

Index Terms—Quoridor, Strategy Games, Formal Verification,
mCRL2, Model Checking, Strongly Solved

1. INTRODUCTION

During the past decades lots of researchers have shown interest
in the field of solving strategy games like Checkers [1]],
Connect Four [2H4] and Awari [5]]. Especially in the field
of Artificial Intelligence (AI) a lot of interest is shown for
solving such games or developing agents to beat a human. In
recent years, model checking tools like mCRL2 [6], NuXMV
[7, 18], SPIN [9] and UPPAAL [10]] have been introduced and
optimized. Using these tools, one is able to create a finite-state
model and verify whether it meets a given specification or set
of properties. Hence, these model checking tools are suitable
for solving such strategy games. In this report, we show the
effectiveness of such a model checking tool when solving the
strategy game Quoridor.

Quoridor is a two or four player strategy game designed
by Mirko Marchesi that was introduced in 1997 by Gigamic
Games [11]. The game is played on a board consisting of 9
rows of 9 squares each, with grooves in between the squares
that allow fences to be placed between the squares. At the
start of the game, the pawns of the players are positioned
on opposite sides of the board and the number of fences are
equally divided among the players. The aim of the game is to
reach the opposite side of the board. The first player to reach
their opposing side wins the game.

Throughout the game, the players take turns in which they
may move their pawn to an adjacent square, jump over their
opponent if they are located next to them, or place a fence
which could interfere with the path of the opponent, as players
are not allowed to move through/over the placed fences.
Throughout the game, the goal for each player should remain
accessible from their current position.

The game is based on rather simple concepts, but certain
more specific rules make the game more complex, wich
results in a high state space complexity of approximately
6.5595 - 10** states. We provide more details on this in section
[2.4] Generally, a higher state space complexity means that the
model checker needs to do more calculations, and therefore it
requires a larger time and space complexity.

In this study we have used the mCRL?2 language [6]] and
toolset [[12] to model and verify whether winning strategies ex-
ist in the two-player variant of Quoridor. The mCRL?2 language
[6] is a formal specification language that extends the algebra
of communicating processes (ACP [13]). To check whether
certain properties hold in a model specification, one can
express the properties using the first-order modal p-calculus.
The mCRL2 toolset contains a rich set of tools that enable the
automatic transformation from a mCRL2 model specification
into a Linear Process Specification (LPS), Labelled Transi-
tion System (LTS) and, together with a property expressed
using the first-order modal p-calculus, a Parametrized Boolean
Equation System (PBES). In addition to these transformation
tools, the mCRL2 toolset also contains tools that optimize and
analyze these LPSs, LTSs and PBESs.

Using the mCRL2 language and toolset we created a
mCRL2 model for Quoridor. We have found that for smaller
instances of the game there always is a winning strategy for
one of the players of the game. The results suggest a pattern
that there is a winning strategy for player 2 on odd sized
boards and for player 1 on even sized boards. Using the tool,
we generated Labelled Transition Systems (LTSs) that show
the winning strategy for these players. These LTSs show for
each step of the opponent, what the next step for the player
is according to the winning strategy.

Outline: In section 2| we discuss the notion of “solved”
and discuss which and how games have been solved over the
years, as well as a discussion on how Quoridor relates to other
strategy games and the research that has been performed on
this game. In section [3} we introduce the game of quoridor
in which we provide some terms and definitions to formally
model and analyse the game. Furthermore, we informally
discuss the complete set of rules of Quoridor. In section i we
discuss the mCRL2 model in detail and prove the correctness
of the model. In section [5} we discuss the results we obtained
when analyzing the Quoridor game and present the winning
strategies as a set of guidelines. Finally, in section [6] we



discuss future research that could be performed to optimize
the model and to formulate the winning strategies as a number
of guidelines on how to play the game.

2. RELATED WORK

In this section we discuss the research that has been performed
on solving strategic games. We discuss how a selection of
games has been solved, what research has been performed
on Quoridor and how Quoridor relates to the other strategy
games.

To compare Quoridor to other strategic games, we first have
to define the definition of “solved”. Many notions of “solved”
are used to specify whether strategies have been found for
one or both players in these games. We use the more fine-
grained notion of “solved” as presented by L.V. Allis in [14].
Allis distinguishes between three types of solutions for a game:
ultra-weakly solved, weakly solved and strongly solved games.

A game is said to be ultra-weakly solved if a proof exists
which proves that the outcome of a game is known from the
initial position. Games are weakly solved, if the outcome of
the game is known from the starting position, and a strategy
is known that guarantees this outcome. A game is said to
be strongly solved if for any position in the game, the most
optimal move can be determined within reasonable time. Table
[l contains examples of games that have been ultra-weakly,
weakly and strongly solved.

Notion of “Solved” Game Research
Ultra-Weakly Solved Hex [15]
Checkers 1
Domineering [16H18]
Fanorona [179] o
Weakly Solved Go-Moku 4
Nine Men’s Morris [20]
Qubic [21]
Renju 22]
Awari 151
Strongly Solved Connect Four [2,73,723]7
Kalah [24]
Tic-Tac-Toe Ls)

TABLE I: Examples of games that have been solved

In sections [2.1] to [2.3] we discuss three two-player strategy
games that have been solved over the years: Connect Four,
Checkers and Awari. In section [2.4] we discuss how Quoridor
compares to other strategy games and what research has been
performed on Quoridor.

2.1 Connect Four

Connect Four is a well-known two player strategy board game,
in which the players, white and black, take turns inserting
colored markers into a vertical grid of 7 x 6 cells, aiming to
create a horizontally, vertically or diagonal line of four markers
of their color.

Connect Four has been weakly solved independently by J.D.
Allen [26] and L.V. Allis [27] in 1988. In “The Complete
Book of Connect 4”, Allen presents the winning strategies that
he found when analyzing the game. Allis used a knowledge-
based approach with nine strategy rules. He implemented a
Shannon C-type strategy program called VICTOR based on
these strategy rules. Using this program, Allis found that on
a board with 6 or 7 columns and an even number of rows, a
winning strategy for white exists, the starting player, if he
opens the game by placing his first marker in the middle
column. Furthermore, if white does not place his first marker
in the middle column, then black has a strategy such that the
game ends in a draw.

In 1995, J. Tromp strongly solved the game using a database
of all 8-ply positions and their theoretical results [23]]. Using
this database, the most optimal move from any position in
the game could be evaluated. Tromp implemented a bench-
mark called “Fhourstones” that he used to weakly solve the
outcomes of games on boards of x rows and y columns, for
integers x and y, where z +y < 15 Az, y > 4 [28].

2.2 Checkers

Checkers, also called 8 x 8 draughts, is another widely known
two player strategy game that is played on an 8 x 8 checker-
board. Both player black and white start with 12 stones each.
The first player that captures all the stones of his opponent,
wins the game.

In 2001, M. Baldamus et al. [29] ultra-weakly solved
checkers for boards of size 3 x 3,4 x 4 and 5 x 5. Using the
symbolic model checker SymQuest, Baldamus et al. verified
that there is a winning strategy for white, on a board of 3 x 3.
Furthermore, they showed that a game on a board of size 4 x 4
would lead to a draw, and that on a board of 5 X 5 a winning
strategy exists for black.

In 1989, Schaeffer et al. started implementing a computer
program called Chinook that is able to compute the most
optimal move for a player in each turn. In 2007, Schaeffer
et al. published the article “Checkers Is Solved” [1]], in which
they show that the game of checkers has been weakly solved,
i.e., from the starting positions the game always result in a
draw if both players play perfectly.

2.3 Awari

Awari is a 3500 year old game that originates from Africa.
The game is played on a board with 12 pits, 6 per player,
plus 1 auxiliary pit per player. At the end of the game, the
player with the most stones in their auxiliary pit wins the
game. J.W. Romein and H.E. Bal strongly solved Awari [5]]
using a database to calculate the most optimal move from any
position in the game. From this database, they concluded that
if both players play optimally, the game ends in a draw.

2.4 Quoridor

In this section we discuss the state space complexity of
Quoridor, which is used as a metric to compare the complexity
of Quoridor to other strategic board games. Furthermore, we
discuss the research that has been performed on Quoridor.



2.4.1 State Space Size

We use S for the upperbound of the state space complexity
of a two-player game of Quoridor, the state space complexity
of Quoridor can be calculated using equation (1), where #,
is the number of players, S, is the number of ways in which
the pawns can be located on the board and Sy is the number
of ways in which (a subset of) the fences can be placed on
the board. We include the number of players as a factor of the
state space, since in each possible state of the game, it can be
any player’s turn.

S=%#,-5Sp,-5¢ (1)

We introduce N for the number of squares on one row/col-
umn of the Quoridor board and F for the number of fences that
are assigned to each player. We define S™"¥) as the state space
complexity of a game on a board with NxN squares in which
each player initially has F fences. Similarly, for .S, and Sy we
introduce SIEN’F) and S}N’F). The state space complexity can
be calculated for any combination of N and F using equation

@.
SO = g, S L ) )

The pawn of the first player can be positioned on any of the
NxN squares. As each pawn must be positioned on a different
square, it follows that the pawn of the second player can only
be positioned on (NxN) - 1 squares. Hence, the state space
complexity considering only the positions of the fences can
be calculated using equation (3).

S = N% . (w? - 1) 3)

According to the rules of the game, each fence must be
placed between two pairs of squares. Hence, there are N - 1
of such pairs on each row and column of the board. Therefore
we have (N — 1)? possible positions at which the first fence
can be placed on the board both horizontally and vertically,
thus in total 2 - (N — 1)2 possible positions.

When a fence is placed on the board, the number of
positions at which we can place the next fence is decreased by
2, 3 or 4. Each fence can block 4 positions for other fences,
which includes the location at which the fence is placed.
However, two placed fences may be blocking the same position
for a fence. The number of possible placements is decreased
by at least 2, as the location at which the fence has been
placed cannot contain another fence in neither direction, as
fences may not overlap.

For our comparison we assume that placing a fence reduces
the number of positions for the next fence by 2. This results
in a larger state space complexity compared to 3 and 4, and
therefore leads to an overestimation. Using this approach, we
also neglect the rule that the goal line must remain accessible
for both players. Therefore, the state space complexity would
be lower than the value computed, thus overestimating the state
space complexity. Hence, the state space complexity computed
in equation (@) is an overestimation of the actual complexity.

S0 S (-1 - @50) @
i=0 j=0

We can estimate the total state space complexity of a game
on a board of size NxN, in which initially each player has
F fences, using equations ([2), (3) and (@), the full formula is
shown in equation (3).

2.F -1
SO0 = g, - (02 1)- S ([ (2 (5-1)%) ~ (2%4))) (5)
i=0 j=0

In table [[T] the estimations of the state space complexity are
given for all 3 <N < 9and 0 < F < 10. Quoridor is normally
played on a board with 9 by 9 squares, were both players get
10 fences each (N = 9, F = 10). According to equation (3),
the state space complexity is estimated as 6.5595 - 1044

In table [T} a list of two-player strategy games is presented
showing the size of the state space, as log to base 10, and to
which extend the game has been solved.

F
0 1 2 5 6 7 8 9 10

3 4 4 4 4 4 4 4 4 4

4 5 7 9 10 11 11 11 11 11 11

N 5 6 8 11 14 16 18 20 21 21 21
6 6 10 13 16 19 22 25 27 30 32

7 7 11 14 18 21 25 28 31 34 37

8 7 11 15 19 23 27 30 34 38 4]
94 8 12 16 20 24 28 32 36 40 44

TABLE II: State Space Complexity (as log to base 10) for
each game instance, a color scale is used from blue, the
smallest state space complexity, to red, the largest state space
complexity.

Game log;4(SSC) Solved
Tic Tac Toe 3 Strongly Solved
Nine Men’s Morris 10 Weakly Solved
Awari 12 Strongly Solved
Kalah 13 Strongly Solved
Connect Four 13 Strongly Solved
Domineering 15 Weakly Solved
Checkers 18/20 Weakly Solved
Fanorona 21 Weakly Solved
Qubic 30 Weakly Solved
Quoridor 44 -
Chess 44 Partially Strongly Solved
Hex 57 Partially Ultra-Weakly Solved
Go-Moku 105 Partially Weakly Solved

TABLE III: State Space Complexity (SSC) of, a selection of,
Strategy Games that have been (Partially) Solved [30]



According to this table, we see that Quoridor has a higher
State Space complexity than any of the strongly or weakly
solved games, and equal (as log to base 10) to chess which
only has been strongly solved for games with a 3 to 7-piece
end game, or smaller instances of the board.

Various games have been solved using the mCRL2 language
and toolkit, examples can be found in the mCRL2 GitHub
repository [31]. For example, Connect Four has been strongly
solved for all boards of size (c¢,r) where 1 < x < 7 and
1 <y < 6, excluding (7,5),(6,6) and (7,6). A game of
Connect Four on a board of 4 rows and 7 columns leads to a
model with a state space of 6.741.832.166, or as log to base
10, 9.

This suggest that using mCRL2, we should be able to solve
all games of Quoridor in which each player gets up to 1 fence
each, as well as all games on a 3 X 3 and 4 x 4 boards and
games with 2 fences per player for boards up to 6 x 6.

2.4.2 Research on Quoridor

Quoridor was introduced in 1997 and is therefore, compared
to other games like Connect Four, Checkers and Awari, still
a rather young game. Therefore, the game has not received a
lot of attention yet. Only a handful of research papers were
published about Quoridor.

Most attempts to solve Quoridor use artificial intelligence
or reinforcement learning. Although the number of research
papers that have been published on this topic is limited,
most researchers tried solving the game using an Al agent
with either the MiniMax [32-36] or NegaMax [32] decision
strategy. Respall et al. [35] and Jose et al. [36] both tried to
solve Quoridor using reinforcement learning, using Genetic
and Monte Carlo Tree Search algorithms. Unfortunately, none
of these researchers were able to develop a Quoridor agent
that is able to beat a human.

3. QUORIDOR

In this section, we go into more detail about the game
Quoridor. In sections 3.1]and [3.2] we introduce the notation and
definitions used in the remainder of this paper. In section [3.3]
we informally present the complete set of rules of Quoridor.
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Fig. 1: Example of Board Notation

3.1 Notation

In this section we introduce a number of terms that are used
in the remainder of the paper.

3.1.1 Board

A game of quoridor is played on a board of squares,
separated by grooves. We define N as the number of squares
that are on 1 row/column of the board. A board is defined
as a grid of N by N squares, separated by grooves. We only
consider boards of N by N squares where 3 < N < 9. The
game is originally played on a board of 9 by 9 squares, that
is, N=9.

3.1.2 Square (Location)

We introduce a coordinate system to uniquely identify a square
on the board. Each square is identified by a coordinate pair:
(column, row).

In Figure [T] an example board is shown where N = 5. For
all unoccupied squares their corresponding coordinate pair is
shown. Player 1 (red) is located at position (1,2) and player
2 (blue) is located at position (3,4).

3.1.3 Fence

A fence is a small wooden block that is placed within the
grooves between the squares. The length of each fence is equal
to the length of 2 squares plus the groove that separates these
squares. We introduce F, 0 < F < 10, as the number of fences
that each player gets at the start of the game. Thus, the game
is played with 2-F fences in total. The original game is played
with 20 fences, 10 per player (F = 10).

3.1.4 Touching

We say that a fence f is touching a square s if, and only if]
f occupies any of the 4 grooves that are adjacent to s.

For example, in Figure 2| we have that a fence f would
touch square (2,2) if, and only if, a part of f is located in
any of the yellow marked grooves. In Figure (I} we have that
the yellow fence is touching squares (2,2),(2,3),(3,2) and
(3,3).

13 23 (33

12| 22| (32

an 1 @2n G

Fig. 2: Example Touching: A fence is touching square (2,2)
if, and only if, a part of the fence is located in any of the
yellow marked grooves.

3.1.5 Fence Location

We express the location of a fence based on the two pairs of
squares that it touches and a direction: H (horizontally) or V
(vertically). Let T be the set of all squares that some fence f
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Fig. 3: The layout of the board at the start of the game.

touches, the location of a fence f is expressed by the following
triple:

(minteT col(t), minger row(t), d) ,

where col(t), row(t) and dir(t) denote the column, row and
direction of a coordinate triple respectively.

In Figure [I] the green and yellow fences are placed at
locations (2,1, H) and (2,2, V) respectively.

3.1.6 Base & Goal Line

The players start in the middle column of opposing rows on
the board. The row on which a player starts is called his base
line. The aim of the game is to reach a square in the base line
of the opponent. For each player, the base line of the opponent
is referred to as his goal line.

In Figure [3 an example board of 5 x 5 squares is shown,
in which the base and goal line of player 1 consist of all red
and blue squares respectively.

3.2 Definitions

In this section we define a set of terms that are used in the
remainder of this paper.

Definition 1 (Adjacent). Let s and s’ be two squares on the
board, s and s’ are adjacent if and only if it holds that

|col(s) — col(s")| + |row(s) — row(s’)| =1

For example, in Figure |1} we have that square (3,3) is
adjacent to squares (2,3), (3,2),(3,4) and (4, 3).

Definition 2 (Blocking). Let s and s’ be two adjacent squares
on the board and let Ly denote the list of locations of all
fences that are placed on the board. A move from square s to
adjacent square s’ is blocked if, and only if:
e sand s are in the same row, i.e., row(s) = row(s’), and
one of the following two conditions holds:
— (min(col(s), col(s")), row(s), V) € Ly
- (min(col(s), col(s")),row(s) —1,V) € Ly
e s and s’ are in the same column, i.e., col(s) = col(s’),
and one of the following two conditions holds:
- (col(s), min(row(s),row(s’)), H) € Ly
- (col(s) — 1, min(row(s),row(s’)), H) € Ly
For example, in Figure[T] we have that the move from square

(3,2) to both (2, 2) and (3, 1) are blocked. The moves to (3, 3)
and (4,2) are not blocked.

Definition 3 (Overlap). Let f; and fo be two fences placed
at fence positions fp; and fps. Fences f1 and fo overlap if,
and only if, one of the following conditions hold:

o They have the same location, that is: fp; ~ fp2
o They are crossing each other, that is:

col(fp1) ~ col( fpa) A row(fp1) ~ row(fpa)

A dir(fp1) % dir(fp2)

e They share a groove between one pair of vertically
adjacent squares, that is:

dir(fp1) =~ dir(fp2) = H A [col(fp1) — col(fp2)| =1

A row(fp1) = row(fpz)

e They share a groove between one pair of horizontally
adjacent squares, that is:

dir(fp1) = dir(fp2) = V Alrow(fp1) —row(fps)| =1
A col(f) = col(fp2)

Definition 4 (Behind). Let s and s’ be adjacent squares. If
s and s’ are adjacent and are in the same row, then we say
that square (col(s’) — (col(s) — col(s")),row(s)) is behind s’
from the perspective of s. Similarly, if s and s’ are adjacent
and in the same column, square (col(s),row(s’) — (row(s) —
row(s’))) is behind s’ from the perspective of s.

For example, in Figure [I, we have that square (5,2) is
behind square (4, 2) from the perspective of square (3,2).

Definition 5 (Access). Player p has access to all locations
s for which hold that there exist a sequence of non-blocked
moves between adjacent squares from the current location of
p to s.

3.3 Rules

In section [I] we briefly discussed the Quoridor game and a
selection of its rules. In this section, the rules are presented in
more detail. Note that these rules are still expressed informally,
the rules are formalised in section These rules are based
on the official rules by Mirko Marchesi [11].

3.3.1 Rules related to the start of the game

R1: Each player starts with F fences.

R2: At the start of the game, each player places their pawn
in the middle of opposing sides of the board.
That is, players 1 and 2 place their pawns at ( L%J +
1, 1) and (L%J +1, N) respectively.

R3: Player 1 starts first.

R4: The players play in turn.

RS5: A player’s turn consist of either moving their pawn or
placing one of his fences on the board.



3.3.2 Rules related to moving a pawn

R6: A player may move his pawn from location s to &', if:
a) there is no a fence in between s and s’;

b) s’ is not occupied by the opponent;

c) the move is allowed by rule R7, R8 or R9.

A player may move his pawn to any adjacent square,
either horizontally or vertically.

R7:

In Figure[d] the possible moves to adjacent squares are shown
as covered in rules R6 and R7. In this example, the player is
only allowed to move to the square above and to the right of
his current square. The other squares are blocked by fences.

xlav_

Fig. 4: Example of Rule 6 & 7

R8: If the player is in a square that is adjacent to the square
of the opponent, then he is allowed to jump over the
opponent.

In Figure[3] the possible moves to adjacent squares are shown
as covered in rules R6 and R7. Since the opponent is in the
right adjacent square, the player may not move to this square
by rule R6b. However, the player is allowed to jump over the

player by rule R8.
aw

Fig. 5: Example of Rule 6 & 8

R9: A player may make a blocked jump from current
location s to s”, when the opponent is positioned at
location ', if the following conditions hold:

« Both s and s” are adjacent to s'.
o There is a fence blocking the move from s’ to the
position behind s’, from the perspective of s.

In Figure[6] the possible moves to adjacent squares are shown
as covered in rules R6 and R7. In this example, the player
may not jump over the opponent as discussed in rule RS, as
this violates rule R6A due to the fence placement. However,
the player is allowed to make a blocked jump to the square
above the opponent by rule R9.

Fel.
X

Fig. 6: Example of Rule 6 & 9

3.3.3 Rules related to placing a fence

R10: A player may only place a fence between two pairs of
squares.

Fences may not overlap.

When placing a fence, access to the goal line for all
players must be maintained.

RI11:
R12:

3.3.4 Rules related to the end of the game

R13: After a player reaches any square of his goal line, he
wins the game.
R14: Once a player wins the game, the game ends.

4. MODELLING QUORIDOR

In this section, we discuss the mCRL2 model that has been
designed and implemented to model Quoridor and to find win-
ning strategies. We present the sorts (section[d.1)), the functions
(section [4.2)), the external actions (section and the process
(section of the Quoridor model, which altogether model
the game and its behavior. In section [4.5] we formalize the
rules from section [3.3|using the actions of the model. In section
[4.6] we prove that the behavior of the Quoridor model satisfies
the rules as discussed in section A complete version of
the model can be found in Appendix

4.1 Sorts

We have designed and implemented 4 sorts (types) that are
used to model the game. These sorts are shown in Figure
in mCRL2 notation.

sort
Position = struct pos(col:Pos, row:Pos):
FPosition = struct fpos(col:Pos, row:Pos,
Direction = struct H | V:
Turn = struct P1 | P2 | None;

dir: Direction) ;

Fig. 7: Sorts implemented in the Quoridor Model

Here Pos is the predefined sort of mCRL2 consisting of all
positive numbers.

4.1.1 Sort Position

The Position type expresses a coordinate pair. As men-
tioned in section [3.I] a square on the board is uniquely
identified by a coordinate pair (column, row). In the mCRL2
model, these are expressed as an object of type Position.
For example, square (3,4) would be expressed as pos (3, 4)
in the model.

For any instance p of type Position we have projection
functions col (p) and row (p), which respectively give the
column and row of p. For example, if p ~ pos (3, 4), then
col (p) =~ 3 and row (p) =~ 4.

We write p; & py for Position instances p; and ps if,
and only if, the column and row of p; and py are equal. We
write that the column and row of Position instances p; and
po are equal by p; =, p2 and p; =, ps respectively.



4.1.2 Sort FPosition

The FPosition type expresses a fence location as a triple.
As mentioned in section 3.1} the location of a fence on
the board is uniquely identified by a triple (column, row,
direction). In the mCRL2 model, these are expressed as an
object of type FPosition. E.g., a fence at location (3,4,H)
would be expressed as fpos (3, 4, H) in the model.

For any instance fp of type FPosition we have projec-
tion functions col (fp), row (fp) and dir (fp) that re-
spectively give the row, column and direction of the coordinate
triple. For example, if fp ~ fpos (3, 4, H), then col (fp)
~ 3, row(fp) ~ 4 and dir (fp) = H.

We write fp; =~ fp» for FPosition instances fp; and
fp» if, and only if, the column, row and direction of fp; and
fp, are equal. We write that the column, row and direction
of FPosition instances fp; and fps are equal by fp; ~,
fpo, fp1 &, fps and fp; &4 fps respectively.

4.1.3 Sort Direction

The Direction type expresses a the direction of a fence.
As mentioned in section the direction of a fence is
either horizontal or vertical. In the mCRL2 model, these are
respectively expressed as H and V.

4.1.4 Sort Turn

The Turn type expresses which player performed or may
perform an action. In this paper, we only consider games of
two players. Hence, in the mCRL2 model, each instance of
type Turn can be expressed as P1, P2 or None. An instance
of type Turn can only have the value None after the game
ends, that is, when one of the players reach their goal line.

4.2 Functions

In this section, we discuss the functions and mappings that are
used within the Quoridor model. For each of the functions we
discuss its goal, the input, output and the preconditions.

4.2.1 Nand F

Functions N and F are used as constants in the model. N
expresses the number of squares on one row/column of the
board, F expresses the number of fences that each player owns
at the start of a game. Hence, the total number of fences that
could be placed on the board is 2 X F.

4.2.2 Function upperMiddle

Function upperMiddle calculates the upper middle number
of a range of numbers. The function has no input variables,
instead the function uses the value of N. The function outputs
the upper middle number in the sequence 1..N. The output is of
type Pos. The upperMiddle function is used to determine
the column in which both players are positioned at the start
of the game. Algorithm [I] describes the implementation of the
upperMiddle function using pseudocode.

Algorithm 1 upperMiddle
I: return [N/2| +1

4.2.3 Function validPos

Function validPos determines whether a given position
pA of type Position is valid, that is, whether pA is located
on the board. On a board with N columns/rows, we have
that position pA is valid if, and only if, both its column and
row are within the range [1..N]. Algorithm [2| describes the
implementation of the validPos function using pseudocode.

Algorithm 2 validPos (pA)
1: return 1 < col (pA) < NA1l<row(pA) <N

4.2.4 Function isBlocked

Function isBlocked determines whether a move from one
square to an adjacent square is blocked by a fence. The
function requires the following inputs:

o fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition);

e pA: The position at which the player’s pawn is currently
located, which is of type Position;

« pD: The position to which the player’s pawn is potentially
moved, which is of type Position.

The output is of type Bool, true is returned if the path
from pA to pD is blocked by a fence, false otherwise.
Note that, this function requires that pA and pD are adjacent
squares. Algorithm [3] describes the implementation of the
upperMiddle function using pseudocode.

Algorithm 3 isBlocked (pA, pD, fences)

D> Squares pA and pD must be adjacent.
1: if not validPos (pD):

2: return false

3: if pA =, pD:

4: minCol < min(col (pA),col (pD))

5: if fpos (minCol, row(phA), V) € fences:

6: return true

7: if fpos (minCol, row(pA)-1, V) € fences:
8: return true

9: else

10: minRow < min(row (pA), row (pD))

11: if fpos (col (pA), minRow, H) € fences:
12: return true

13: if fpos (col (pA)-1, minRow, H) € fences:
14: return true

15: return false

In line 1 of algorithm [3] we check if the destination position
is valid. If this position is not valid, it means that a player
wants to move their pawn off the board, which is trivially not
allowed, hence we directly return false. In line 3, we check
whether pA and pD are in the same row. If this is the case,
then there are 2 fence positions which would block the jump,
as illustrated by the blue and red fence position in the right
board of Figure 8| In lines 11 and 13 we check whether there



is a fence in these positions respectively. Similarly, if the pA
and pD are in the same column, there are 2 fence positions
that could block the jump, as illustrated in the left board of
Figure [§] which are checked in lines 5 and 7.

PA
I | —
pD

PA||pD

Fig. 8: Fence positions that block the move between positions
pA and pD.

4.2.5 Function isValidMove

Function i svalidMove determines whether moving a pawn
from one location to another location is valid. The function
requires the following inputs:

o pA: The position at which the player’s pawn is currently
located, which is of type Position;

e pB: The position at which the opponent’s pawn is cur-
rently located, which is of type Position;

« pD: The position to which the player’s pawn is potentially
moved, which is of type Position;

o fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition).

The function returns an instance of type Bool, true if the
move is valid, false otherwise. Rules 6 to 9 of section [3.3]
specify which moves are considered to be valid.

We distinguish 3 types of moves: (1) a move to an adjacent
square, (2) a jump over the opponent to a square in the same
row or column and (3) a jump over the opponent to a square
that is in different row and column. We use the Manhattan
distance to calculate the distance between two positions.

To determine whether the move from position pA to position
pD is valid, we have to check whether a set of condi-
tions holds. Algorithm [] describes the implementation of the
isValidMove function using pseudocode.

4.2.6 Function isValidPlace

Function isvValidPlace determines whether placing a
fence on the board at fence-position fp of type FPosition
is valid by calling multiple sub-functions. The function re-
quires the following inputs:

o pA: The position at which the pawn of player 1 is located,
which is of type Position;

o pB: The position at which the pawn of player 2 is located,
which is of type Position;

o fp: The fence-position at which either of the player
possibly places a fence, which is of type FPosition;

o fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition).

Algorithm 4 isvalidMove (pA, pB, pD, fences)

I: rd + |col (pA) —col (pD)
2: if rd>2Vrd=0VpB~pDVnotvalidPos (pD):
3: return false

4: if rd = 1: > Move of type (1)
5: return not isBlocked (pA, pD, fences)
6
7
8
9

+|row (pA) —row (pD) |

celse if rd =2 A (pA ~; pD V pA &, pD) > Type (2)
if not isBlocked (pA, pB, fences):
if not isBlocked (pB, pD, fences):
: return pB is adjacent to both pA and pD
10: else if rd =2 A pA %, pD A pA %, pD > Type (3)
11: pC < position behind pB from the perspective of pA.
12: if not isBlocked (pA, pB, fences):
13: if not isBlocked (pB, pD, fences):
14: if isBlocked (pB, pC, fences):
15: return pB is adjacent to both pA and pD

16: return false

Algorithm 5 isvValidPlace (pA, pB, fp,

> We abbreviate i sGoalReachable to iGR.

I: t < countFenceTouching (fp, fences)

2. ift > 2V (t =1 A fp is touching the border):

3 if iGR(P1, [pAl, {}, {fp} + fences):

4: if iGR (P2, [pBl, {}, {fp} + fences):
5
6

fences)

: return true
: return false

The output of the function is of type Bool and is true if,
and only if, the fence does not overlap with any of the already
placed fences, and the fence does not block the access to the
goal line for any of the players.

Note that this would be an expensive computation if we did
not add additional checks to improve the efficiency. We want
to limit the number of isGoalReachable calls. Hence, we
first check whether the fence that we are trying to add touches
any of the already placed fences. We do not have to check if
the goal lines remain accessible for both players if the fence
that is placed only touches 1 of the already placed fences and
does not touch the border of the board. Assuming that before
the fence was placed both players had access to their goal
lines, then after the fence is placed, there still exists one or
more paths for both players to reach their finish line. As such
a fence placement always allows the players to shift there path
around this fence. Algorithm [5] describes the implementation
of the isValidPlace function using pseudocode.

4.2.7 Function addBlocked

Function addBlocked is used to generate the set of fence
locations that are blocked when a fence is placed at location
fp of type FPosition. The function requires the following
inputs:
e blocked: The list of all the fence-locations that are
either occupied by a fence on the board, or fence-
locations for which hold that if a fence would be placed



on that position, it would overlap with an already placed
fence. This input is of type FSet (FPosition).

o fp: The location at which a fence is placed on the board,
which is of type FPosition.

The output of the function is of type FSet (FPosition),
which contains all of the fence locations that were in the given
input set blocked, plus all fence locations that would overlap
with fence location f£p. Algorithm [6] describes the implemen-
tation of the addBlocked function using pseudocode.

By keeping track of such locations in the model, we
prevent that the isValidPlace function is called for these
locations, which gives a small performance gain as function
isValidPlace could be expensive computation.

Algorithm 6 addBlocked (fp, blocked)

I> We use the notation a <= b to write that a + a U b

I: blocked <= {fp}

2: if dir (fp) ~ H:

3. blocked ¢~ {fpos (col (fp), row(fp), V)}

4: blocked <= {fpos (col (fp) - 1, row(fp), H)}
5: blocked << {fpos (col(fp) + 1, row(fp), H)}
6: else ¥

7: blocked < {fpos(col (fp), row(fp), H)}

8  blocked <= {fpos(col (fp), row(fp) - 1, V)}
9: blocked ¢ {fpos (col (fp), row(fp) + 1, V)}

4.2.8 Function isGoalReachable

Function isGoalReachable determines if there exists a
path for one of the players from their current location to any
square on their goal line. The function requires the following
inputs:

o p: The turn instance of the game, specifying for which
player we check whether their goal line is still reachable,
which is of type Turn;

e 1v: The list of squares that have been discovered
to be reachable from the player’s location, but have
not yet been processed. The input 1lv is of type
List (Position);

e 1p: The list of squares that have been discovered to
be reachable from the player’s location, and have been
processed. The input 1p is of type List (Position);

o fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition).

The function uses the Depth-First Search (DFS) algorithm to
determine whether a path from the players current position to
any square on their goal line exist. Algorithm |Z| describes the
implementation of the isGoalReachable function using
pseudocode.

The output of the function is of type Bool, which is true
if, and only if, there exists a path from player p’s current
location to any square on his goal line.

Algorithm 7 isGoalReachable(p,lv,lp, fences)

> Checks whether p has a path to his goal line.
> Initially 1v is a list with 1 element: the player’s position.
> Initially 1p is an empty list.
1: while 1v # []
PA < pop—head (1lv)
if row(pA) =~ if(p=P1, N,
1lp + 1lp + {pA}
for all valid positions pB
if pA and pB are adjacent
if not isBlocked (pA, pB,
if pB¢Z 1v ApB ¢ 1p
9: 1lv + 1v + {pB}
10: return false

1) return true

fences)

A o

4.2.9 Function countFenceTouching

Function countFenceTouching calculates the number of
fences that would be touched when a fence is placed at fence-
location fp of type FPosition. The function requires the
following inputs:

o fp: The fence-location for which we count how many
other fences it touches when we place a fence at that
location, which is of type FPosition;

e fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition).

For each fence location fp, there are up to 10 fence locations
that would be touching fp if a fence would be located at that
position. These 10 locations are shown in Figure [9] in which
the left and right column show the 10 location for a horizontal
and vertical fence location respectively. The function returns
the number of fences that would be touched, which is of
type Nat. Algorithm [§] describes the implementation of the
countFenceTouching function using pseudocode.

il IH]
A Bl
G IE I
NN
s K J|

Fig. 9: For both a horizontal (left column) and vertical (right
column) placed fence, the fence locations that touch this blue
fence are indicated using red fences.



Algorithm 8 countFenceTouching(fp, fences)

> We use the notation a & b to write that a + a U b
1. t < {}

2: dInv « if(dir (fp) ~ H, V, H)

3: if dir (fp) = H:

4: t <2 {fpos(col (fp) - 2, row(fp), H)} > Fence A (Only for horizontal placed fences)
5: t << {fpos (col (fp) + 2, row(fp), H)} > Fence B (Only for horizontal placed fences)
6: else

7: t < {fpos(col (fp), row(fp) - 2, V)} > Fence C (Only for vertical placed fences)
8: t << {fpos(col (fp), row(fp) + 2, V)} > Fence D (Only for vertical placed fences)
9: t <2 {fpos (col (fp) + 1, row(fp) + 1, dInv)} > Fence E
10: t <2 {fpos (col (fp), row(fp) + 1, dInv)} > Fence F
1: t & {fpos(col (fp) - 1, row(fp) + 1, dInv)} > Fence G
12: t <2 {fpos(col (fp) + 1, row(fp), dInv)} > Fence H
13: t <= {fpos (col (fp) - 1, row(fp), dInv)} > Fence T
14: t <= {fpos (col (fp) + 1, row(fp) - 1, dInv)} > Fence J
I5: t << {fpos (col (fp), row(fp) - 1, dInv)} > Fence K
16: £ & {fpos(col (fp) - 1, row(fp) - 1, dInv)} > Fence L

17: return size(t N fences)

4.3 Actions

The Quoridor model consists of three actions: movePawn,
addFence and win. In this section, the description of each
action is given, as well as the required arguments.

4.3.1 movePawn (p, c, r)

Action movePawn (p, c, r) denotes the event that player
p move his pawn to position (c, r). Note that, p should
either be P1 or P2, as no moves are allowed when the game
has ended and p ~ None denotes a game that has ended.
Arguments ¢ and r represent the column and row to which the
player moves his pawn, they should both be positive integers
in the range [1..N]. Arguments p is of type Turn.

4.3.2 addFence (p, ¢, r, d)

Action addFence (p, ¢, r, d) denotes the event that
player p places a fence on fence-position (c, r, d). Note that,
p should either be P1 or P2, as no moves are allowed when
the game has ended and p ~ None denotes a game that has
ended. Arguments c and r should both be positive integers in
the range [1..N]. Arguments p and d are of type Turn and
Direction respectively.

4.3.3 win (p)

Action win (p) denotes the event that player p won the game,
that is, reached his goal line. Note that, p should either be P 1
or P2. After win (P1) or win (P2) occurs, no other actions
can be performed, that is, we reach a deadlock. Arguments p
is of type Turn.

4.4 Game Process

The Game process models the behavior of a game of Quoridor.
The process keeps track of the following data:

o turn: The player whose turn it currently is, which is of
type Turn;

e pl and p2: The current locations of player 1 and 2
respectively, which both are of type Position;

e rf1: The number of fences that are assigned to player 1
and have not been placed on the board yet, this number
is of type Nat;

o fences: The list of all the locations of fences that
are currently placed on the board, which is of type
FSet (FPosition);

e blocked: The list of all the fence-locations that are
blocked as there is already a fence placed at that location,
or because placing a fence at that location would result in
overlapping fences. The blocked parameter is of type
FSet (FPosition).

The process has been modelled such that only the player
that corresponds to the current turn value can perform a
step. The model only allows the player to move his pawn to a
location that is valid, or to add a fence to a valid location on
the board if the player still has fences to place on the board.
If at any point, one of the players reaches their goal line,
then directly after the last action movePawn (turn, c, r)
occurs, a win (turn) action occurs. If this action occurs, we
reach a deadlock, indicating that the game has ended.

After the win (p) action occurs, the parameters of the
process are reset to default values, which reduces the state
space of the model.

Note that we only keep track of the number of fences that
are assigned to the first player that he did not place yet. This
is because the remaining number of fences that the opponent
still can place on the board can be calculated using F, the
number of fence locations in fences and rfl.



4.5 Formalization of the Rules

In section [3.3|the rules of Quoridor were informally presented.
In this section, we use the actions as discussed in section
to formalize the rules of Quoridor. We define Fx as the
formalisation of rule Rz. We use an underscore (_) to denote
that an argument of one of the actions is not relevant, and
is allowed to be replaced with any value of the type of that
argument.

4.5.1 Rules related to the start of the game

F1:

F2:

F3:

F4.

F5:

Actions addFence (P1, _,
addFence (P2, _, _, _)
times each.

At the start of the game, the pawns of players 1 and
2 are positioned at (| 5| +1,1) and (|¥]| + 1,N)
respectively.

No movePawn (P2, _, _) or addFence (P2,
_+ _, _) action may occur before either a
movePawn (P1, _, _) or addFence(Pl, _,
_, _) action occurs.

For all p, g € {P1, P2} of type Turn, where p
% q, it must hold that after a movePawn (p, _,
_) or addFence (p, _, _, _) action occurs, no
movePawn (p, _, _) or addFence(p, _, _,
_) action may occur before either a movePawn (g,
_, _) oraddFence (q, _) action occurs.
Let rf1l be the number of fences that are as-
signed to player 1 that he has not yet placed on
the board. Furthermore, let p denote the current
turn of the game. Then, there must exist at least
one action movePawn (p, _, _, _) that can be
fired and if player p still has remaining fence to
place and there exists a FPosition fp at which
a fence can be placed, then there must at least be

., ) and
shall at most occur F

u— 4 —

one action addFence (p, col(fp), row(fp),
dir (fp)) that can be fired.
4.5.2 Rules related to moving a pawn
F6: a) After an action addFence(_, c, r, d)

occurs, for some c, r in range [1..N], then
for all p € {pPl, P2} of type Turn, if
action movePawn (p, col (a), row(a))
happens, then action movePawn (p, col (8),
row (f)) may not happen before an action
movePawn (p, c¢’, r’) has occurred, where
pos (c’, r') % pos(col(B), row(f)), for
all (d, o, 8) €

{

(H, pos(c, r), pos(c, r+l)),
(H, pos(c+l, 1), pos(c+l, r+l)),
(3, pos(c, r+l), pos(c, r)),

(H, pos(c+l, r+l), pos(c+l, r)),

F789:

(v, pos(c, r), pos (c+l, r)),
(v, pos(c+l, r), pos(c, 1)),

(v, pos(c, r+l),  pos(ctl, r+l)),
(v, pos(c+l, r+l), pos(c, r+l))

}

b) For all p, g € {P1, P2} of type Turn, where
p % g, if movePawn (p, c, r) is the last
movePawn action that occurred for player p, then
movePawn (g, ¢, r) may not occur until an-
other movePawn (p, _, _) action occurs.

We combine rules R7 until R9 into one formal-

ized rule, which also directly incorporates rule R6:

If after the last movePawn (p, ¢, r) action an-

other movePawn (p, c¢’, r’) action follows, then

it must hold that isvValidMove (pos (c,r), pB,
pos (c’, r'), fences) returns true, where p €

{P1, P2} and pB is the location of the opponent.

4.5.3 Rules related to placing a fence

F10:

F11:

F12:

Action addFence (_, c,
for ¢, r in range [0.. (N-1)].
Let di,dy € {H, V} and d; % da, then after
addFence(_, ¢, r, dj) occurs, the following
actions may no longer occur:

r, _) may only occur

addFence(_, ¢, r, di),
addFence(_, ¢, r, da),
addFence(_, ¢ - if(di= H, 1, 0),
r - if(dy= Vv, 1, 0), di)
addFence(_, ¢ + if(dy= H, 1, 0),
r + if(d; = v, 1, 0), dji)

After an addFence(_, ¢, r, d) action occurs,
it must hold that both isGoalReachable (P1,
[pAl, {}, {fpos(c,r,d)} + fences)

and isGoalReachable (P2, [pBl, {},
{fpos(c,r,d)} + fences) return true,
where pA and pB are the current positions of players
1 and 2 respectively and fences is the set of all
locations of fences that are placed on the board.

4.5.4 Rules related to the end of the game

F13:

F14:

After a movePawn (P1, _, N) action,awin (P1)
action occurs. Similarly, after a movePawn (P2, _,
1) action occurs a win (P2) action occurs.

After a win (_) action occurs, we reach a deadlock.



4.6 Correctness of the Quoridor Model

We can verify the behavioral correctness of the model by
translating the formalized rules from section into modal
p-calculus formulae. The way in which these rules are for-
mulated allows for a trivial conversion to modal p-calculus
formulae. For each formalized rule, except for rules F2 and
F10, the modal p-calculus formulae can be found in Appendix
We did not translate formalized rules F2 and F10 as these
are more easily proven on the structure of the model.

4.6.1 Rule F2

According to rule F2, players 1 and 2 must be positioned at
squares (| 5| +1,1) and (|&| 4 1, N) respectively at the
start of the game. Figure shows the initial state of the
Quoridor model. In the initial state we have a process Game,
which keeps track of the state of the game. The second and
third argument of this process keep track of the position of
player 1 and 2 respectively. Hence, since in our initial states
these positions are set to pos (upperMiddle + 1, 1)
and pos (upperMiddle + 1, N),and upperMiddle is
defined as | 5], therefore rule F2 trivially holds.

I init
allow ({

movePawn, addFence, win

Game (
6 % Player 1 starts the game
7 P1,
8
9 % Start position of player 1
10 pos (upperMiddle + 1, 1),

12 % Start position of player 2

13 pos (upperMiddle + 1, N),

o Number of fences per player, the
o set of fences placed on the board
» and the set of
% are blocked by other

19 E. {}. {3

Je locations that

¢
¢

17 G fence
0

fences .

Fig. 10: Initial State of the Quoridor Model

4.6.2 Rule F10

As shown in the Game process in Appendix [A] an
addFence (t, ¢, r, d) action can only occur for some
t : Turn, ¢, r : Pos, d : Direction if, among others, it
holds that both pos (c, r) and pos (c+1, r+1) are valid.
Thus, it must hold that 1 < c,r < Nand 1 <c+1,r+1<
N, which simplifies to 1 < ¢, r < N — 1. Hence, it should
always follow that the fences are placed between two pairs of
squares, this proves that rule F10 holds.

4.6.3 Rule FI3

As discussed in section [4.3] rule F13 trivially holds. There are
no actions that allow for removal of fences, hence a fence can
never be removed from the board once it has been placed.

4.6.4 Correctness

Using the mCRL2 toolset we have verified that, the behavior
of, the Quoridor model satisfies the formalized rules of the
Quoridor game. Using the toolset, we have verified that the
behavior of the Quoridor model satisfies all the modal u-
calculus formulae. We have proven this for all instances of the
game for which the winning strategies have been determined,
as discussed in section As the translation of the formalized
rules into modal p-calculus formulae is straightforward, we
can therefore assume that the modal p-calculus formulae are
correct with regard to the formalized rules. Therefore, since all
formulae are satisfied in the Quoridor model, we may conclude
that the behavior of the model is in line with the formalized
rules.

5. WINNING STRATEGIES

In this section we discuss how the modal p-calculus can be
used to denote that a player has a winning strategy for some
instance, a combination of N and F, of the game. Using the
tools of the mCRL2 toolset, we have verified whether these
modal p-calculus formulae are satisfied for some instance of
the game. We discuss the analysis procedure used to obtain
these results and the results themselves.

5.1 Modal p-Calculus Formula

To check whether properties hold on a model, the mCRL2
toolset uses the first-order modal p-calculus. Using a modal
p-calculus formula, we can express that player 1 or 2 has a
winning strategy for an instance of the game.

Before we can express such a formulae, we first need to
define what is considered as a winning strategy. In Quoridor,
a player has a winning strategy if, and only if, the player has
a sequence of actions from the initial state of the game that
leads to a win for that player, no matter which actions are
performed by the opposing player.

More formally, we say that a player p has a winning strategy
from a state s if, and only if, one of the following holds in s:

« It is player p’s turn and there exist at least one action
that player p can perform which lead to a state in which
p has a winning strategy;

« It is opposing player’s turn and all actions that this player
can perform lead to states in which p has a winning
strategy.

o Player p is located on his goal line.

Hence, player p has a winning strategy if he has a winning
strategy from the initial state.

We can express this property using the least fixed point
operator of the modal p-calculus. Since we use a least fixed
point, we only consider games with a finite number of steps.
The modal p-calculus formula describing that player 1 has a
winning strategy is shown in Figure [TT]

Similarly, we can express that player 2 has a winning
property using a modal p-calculus formula, which is shown
in Figure



mu X (
2 % Player 1 wins
<win(P1)>true ||

5 % Or, there exists a move for player 1 such that:
6 <exists c,r:Pos.(movePawn(Pl, ¢, r) || exists d:Direction.addFence(Pl, ¢, r, d))>
8 % 1. He directly wins the game
9 <win(P1)>true ||
10
11 % Or, 2. For all moves possible moves of player 2, player 1 can force a win
12 (
13 forall ¢2,r2:Pos.forall d2:Direction.[movePawn(P2, ¢2, r2) || addFence(P2, ¢2, r2, d2)]X
14 )
15 )
16 )
Fig. 11: Player 1 has a winning strategy
I % For all possible opening moves by player 1
> forall c,r:Pos.forall d:Direction.[movePawn(P1, ¢, r) || addFence(Pl, ¢, r, d)]
o (
4 mu X.
5 % Player 2 wins
6 <win(P2)>true ||
8 % Or, there exists a move for player 2 such that:
9 <exists ¢2,r2:Pos.exists d2:Direction.movePawn(P2, ¢2, r2) || addFence(P2, ¢2, r2, d2)>
10 (
11 % 1. He directly wins the game
12 <win (P2)>true ||
13
14 % Or, 2. For all moves possible moves of player 1, player 2 can force a win
15 (
16 forall ¢3,r3:Pos.forall d3:Direction.[movePawn(P1, ¢3, r3) || addFence(Pl, ¢3, r3, d3)]X
I )
18 )
19 )

Fig. 12: Player 2 has a winning strategy

5.2 Analysis

In order to verify whether there is a winning strategy for either
player, we first convert the mCRL2 model into a linear process
specification using the mcrl1221ps tool. On this LPS we
apply a set of tools to reduce the size and complexity of the
LPS, these are 1pssuminst, lpsparunfold, lpsrewr
and lpsconstelm. After which we convert the LPS to a
LTS using the 1ps21ts tool. We reduce this LPS modulo
strong bisimilarity using the ltsconvert, which reduces
the state space by a small factor. From the reduced LTS, we
generate a PBES for each of the modal p-calculus formulae
expressing the winning conditions using the tool 1ts2pbes.
Finally, we solve the tool using pbessolve. The complete
set of commands, including arguments, to run the analysis is
shown in Figure [T3]

We have ran our analysis on the Mastodont server at Eind-
hoven University of Technology. The Mastodont is designed to
support long-running computations that require a large amount
of RAM. The server runs Ubuntu Server 20.04 LTS and is
equiped with 4 Intel(R) Xeon(R) Gold 6136 CPU’s with a
clockspeed of 3.00GHz and 3 terabytes of RAM.

19

mcrl22lps —v Quoridor-N-F.mCRL2 Quoridor-N-F.lps

Ipssuminst —v —sBool Quoridor-N-F.lps

Ips21t

Ipsparunfold -v -1 -n5 —sPosition
Ipsrewr —v

Ipsconstelm -v —c

Ipsrewr —v Quoridor-N-F-1.1ps

s ——cached -v —rjittyc ——threads=16

Quoridor-N-F-1.1ps Quoridor-N-F. Its

Itscon

vert —v —ebisim Quoridor-N-F. Its

Quoridor-N-F-1. Its

% The

C
c
0

c

o the
% that

o wher

command below will be run for both players,
e ¢ should be replaced by the name of
modal p—calculus formulae which expresses

the player has a winning strategy .

Its2pbes —v —¢ —p —f”¢” Quoridor-N-F-1.1ts

pbessolve —v ——threads=16 —rjittyc -sl
——file=Quoridor-N-F-1. Its
——evidence—file=Quoridor-N-F-¢-evidence . Its

Fig. 13: Overview of Analysis
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41111 (1)1 (1|11 1 ? | Not verified
512222222272 ? X | Neither player has a winning strategy
N 6111|2222 22]? ? 1 | Only player 1 has a winning strategy
Ji12(212020?2012]2(2? ? 2 | Only player 2 has a winning strategy
gl1frl2|2212[]2]2? ? B | Both players have a winning strategy
gl2(22|222[2]2]>? ?

Fig. 14: Winning Strategies in Quoridor for each Instance of the Game

5.3 Results

Using the mCRL2 toolset, we have verified whether the modal
p-calculus formulae from section [5.1] hold for a number of
instances on the game, that is, a combination of board size
N and number of fences per player F. Figure [T4] presents the
results of the verified instances. The number inside the square
denotes which player has a winning strategy. Game instances
that have not been verified are indicated with a question mark.

As shown in Figure [T4 we have only been able to solve
games for which the state space complexity, as log to base
10, is smaller than or equal to 8. As the Mastodont server is
a shared server, there was not sufficient memory available to
analyze any instances of the game with a higher state space
complexity than 8.

For all instances of the game that have been analyzed, we
have generated labelled transition systems that consist of a
counter example in case the modal p-calculus formula was
not satisfied in the model and contains the evidence graph

in case the formula was satisfied in the model. For example,
in Figure [I3] the evidence graph is shown for the modal
p-calculus formula expressing that player 2 has a winning
strategy on a board with 3 x 3 squares, where each player
has O fences. In this graph, the green and red marked states
denote the initial state and the state in which player 2 has
won the game respectively. The number in the states denotes
which player’s turn it is in that state. In the evidence graph
we combined all winning states to improve the readability. In
Figure [I6] a graphical representation of the evidence graph of
Figure[T3]is shown using board notation. In this figure, the red
and blue arrow denote a move of players 1 and 2 respectively.
The green arrows indicate the win (P2) action, these are not
included in the evidence graph.

The mCRL2 model, all modal p-calculus formulae and all
evidence graphs for all instances of the game that have been
analyzed can be requested from the author.
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Fig. 15: Evidence Graph: Player 2 has a Winning Strategy on a board of 3 x 3 squares and O fences per player.
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Fig. 16: A graphical representation of the evidence graph of figure |15 using board notation.

6. FUTURE RESEARCH

In this section we discuss some suggestions on future research
that can be considered.

6.1 Improving the Efficiency of the Model

According to the rules of the game, a fence may not block
the goal line for any of the players. Hence, to ensure that
this rule is not violated, we need to check whether the goal
lines for both players on the board with the additional fence
would still be reachable. In order to check whether the goal
line remains accessible, we currently use an algorithm that is
based on the depth first search algorithm. In each turn, we
have to evaluate for all non-blocked fence positions, whether
it would be allowed to play a fence at that location. Hence
this method of checking the fence locations is very time
consuming. We have already implemented two improvements
to increase the efficiency of this procedure, that is, we only
do these reachability checks whenever a fence touches two
or more fences, or 1 fence and the border of the board.
Furthermore, we keep track of blocked fence positions, which
prevents even more reachability checks. In future research one
could look into improving the efficiency of this procedure,
reducing the computational complexity of the model.

6.2 Formulating and Generalizing Winning Strategies

The results published in this paper show that there exist
winning strategies for smaller instances of the game. Evidence
graphs have been generated that show the moves of the win-
ning player. Using these graphs, a strategy can be formulated
as a number of guidelines on how to play the game in an
optimal manner, such that a win is guaranteed. It could be
possible that the strategies which are obtained by analyzing
these evidence graphs can be generalized to strategies that
would also guarantee a win for that player in larger instances
of the game.
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APPENDIX A

QUORIDOR MCRL2 MODEL

sort
Position = struct pos(col: Pos, row: Pos):
FPosition = struct fpos(col: Pos, row: Pos, dir:Direction):
Direction = struct H | V;
Turn = struct PI | P2 | None;
map
% N is the number of squares on 1 row/column of the board, the board is N by N squares
N: Pos;
% F is the number of fences per player. Therefore, in total 2F fences can be used throughout the game
F: Nat;
% Get center column
upperMiddle: Pos:
% Check whether a position is valid
validPos: Position —> Bool;
% Check whether a fence is placed between two coordinates
isBlocked: Position # Position # FSet(FPosition) —> Bool;
% Check whether a move is valid, format: curPos, opponentPos, newPos, Fences —> Bool valid
isValidMove: Position # Position # Position # FSet(FPosition) —> Bool:
% Check whether the placement of a fence is valid
isValidPlace: Position # Position # FPosition # FSet(FPosition) —> Bool:
% Check whether the goal of each player remains reachable
isGoalReachable: Turn # List(Position) # FSet(Position) # FSet(FPosition) —> Bool:
% Check how many fences the requested fence touches.
countFenceTouching: FPosition # FSet(FPosition) —> Nat:
% Add blocked fences
addBlocked: FSet(FPosition) # FPosition —> FSet(FPosition)
var
p : Turn;
PA, pB, pD Position ;
fences FSet(FPosition):
lv List(Position):
Ip FSet(Position) ;
fp FPosition ;
eqn
N =3;
F=1;
upperMiddle = Int2Pos (N div 2):
% A position pA is valid if both its column and row are in range 1..N
validPos (pA) = 1 <= col(pA) && 1 <= row(pA) && col(pA) <= N && row(pA) <= N:
% A move from position pA to position pD is blocked if pD is invalid (not on the board)
% or if there is a fence between pA and pD.
isBlocked (pA, pD, fences) = !validPos(pD) || if(col(pA) != col(pD),
% Adjacent cells in same row, different column
(
fpos (min(col (pA), col(pD)), row(pA), V) in fences
|| if (row(pA) == 1, false, fpos(min(col(pA), col(pD)), Int2Pos(row(pA) — 1), V) in fences)
),
% Adjacent cells in same column, different row
(
fpos(col(pA), min(row(pA), row(pD)), H) in fences
|| if(col(pA) == 1, false, fpos(Int2Pos(col(pA) - 1), min(row(pA), row(pD)), H) in fences)
)
)5
% Calculate whether the move from pA to pD is valid, pB is the location of the opponent.
% fences is the list of fences which are placed on the board.
isValidMove (pA, pB, pD, fences) = if(
% A valid move either consist of 1 or 2 steps, the destination may not be occupied and should be
% valid position. If any of these conditions are violated , we can directly return false.
(
(abs(col(pA) — col(pD)) + abs(row(pA) — row(pD)) > 2)
|| (abs(col(pA) — col(pD)) + abs(row(pA) — row(pD)) == 0)
|| pB == pD
|| !validPos (pD)
)

a
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% Not valid according to above mentioned conditions
false ,

% So far, it is valid, we check if it is a 1 step move
if (
% 1 step move
(abs(col(pA) — col(pD)) + abs(row(pA) — row(pD)) == 1),

% We only need to check whether there is no fence blocking the move
lisBlocked (pA, pD, fences),

% 2 step move

if (
% Determine whether its a straight or diagonal jump
(col(pA) == col(pD) || row(pA) == row(pD)),

% Jump over opponent in line (not diagonal)

(

(pB == pos(min(col(pA), col(pD)) + 1, row(pA)) && row(pA) == row(pD))
|| (pB == pos(col(pA), min(row(pA), row(pD)) + 1) & col(pA) == col(pD))

&& !isBlocked (pA, pB, fences)
&& !isBlocked (pB, pD, fences)
),

% Diagonal Jump over opponent
(
(pB == pos(col(pA), row(pD)) || pB == pos(col(pD), row(pA)))
&& !isBlocked (pA, pB, fences)
&& !isBlocked (pB, pD, fences)
&& if (
% Check whether the opponent is in the same column
pB == pos(col (pA), row(pD)).

% Opponent is in the same column
if (row(pB) - (row(pA)-row(pB)) < 1 || row(pB) — (row(pA)-row(pB)) > N, true,
isBlocked (pB, pos(col(pA), Int2Pos(row(pB) — (row(pA)-row(pB)))), fences)
),

% Opponent is in the same row

if (col(pB) — (col(pA)—col(pB)) < 1 || col(pB) — (col(pA)-col(pB)) > N, true,
isBlocked (pB, pos(Int2Pos(col(pB) — (col(pA)—col(pB))), row(pA)), fences)

)

% A place is valid if it is not overlapping another fence and the goals remain reachable
isValidPlace (pA, pB, fp, fences) = if(

% We check if it is touching 2 fences or 1 fence and the border of the board
% 1f so, we need to check if it blocks the goal line for both players
(

X == 1 && ((dir(fp) == H && (col(fp) == 1 || col(fp) == N - 1))
(dir (fp) == V && (row(fp) == [ [ row(fp) == N - 1)))

) || X>= 2,

isGoalReachable (P1, [pA]l, {}, {fp} + fences) && isGoalReachable (P2, [pB], {}, {fp} + fences), true)
whr X = countFenceTouching (fp, fences) end:

N

» addBlocked adds all fences to the fset that would overlap with the placed fence
addBlocked (fences , fp) =
{fp}
+ {fpos(col(fp), row(fp), if(dir(fp) ==V, H, V))}
+ if ((col(fp) == 1 && dir(fp) == H) || (row(fp) == 1 && dir(fp) == V), {},

{fpos(Int2Pos (col(fp) — if(dir(fp) == H, 1, 0)), Int2Pos(row(fp) — if(dir(fp) ==V, 1, 0)), dir(fp))})
+ {fpos(col(fp) + if(dir(fp) == H, 1, 0), row(fp) + if(dir(fp) ==V, 1, 0), dir(fp))}
+ fences:

% isGoalReachable checks if the goal line for a player is still reachable.
% The arguments are: the player for which we check (Turn), a list of visited but not processed positions
% (initially the position of the player), the list of processed positions (initially empty) and
% the set of fences. This function follows an BFS approach.
isGoalReachable(p, [], lp, fences) = (exists g : Position . g in lp && row(g) == if(p == PI, N, 1)):
isGoalReachable (None, lv, lp, fences) = true:
(p == P1 || p == P2) —> isGoalReachable(p, pA [> lv, Ip, fences) =
if (

% Always allowed if its the first fence placed or if player has reached goal
# fences == || row(pA) == if(p == PI, N, 1),

% Condition holds
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true ,

% Add all 4 adjacent squares to list if that move is not blocked

if (

) ++
if (

) ++

)
% Check if

% Used to

% Hori

if (col

isGoalReachable (p,

I (pos(col(pA), row(pA)+1) in lv || pos(col(pA), row(pA)+1) in lp)

&& !isBlocked (pA, pos(col(pA), row(pA)+1), fences),

Int2Pos (row(pA)-1)) in

Iv || pos(col(pA), Int2Pos(row(pA)—1))

(col(pA), Int2Pos (row(pA)-1)))

(row(pA)-1)), fences),

Iv || pos(Int2Pos(col(pA)—1), row(pA))

&& validPos (pos(Int2Pos (col (pA)—1), row(pA)))
&& !isBlocked (pA, pos(Int2Pos(col(pA)—1), row(pA)), fences),

if (
% Condition
&& validPos (pos(col(pA), row(pA)+1))
% Condition holds
[pos(col(pA), row(pA)+1)],
% Condition does not hold
[1
) ++
row(pA) <= 1, [],
if (
% Condition
!(pos(col(pA),
&& validPos (pos
&& !isBlocked (pA, pos(col(pA), Int2Pos
% Condition holds
[pos(col(pA), Int2Pos(row(pA)-1))1,
% Condition does not hold
[1
)
col(pA) <= 1, [],
if (
% Condition
! (pos(Int2Pos (col(pA)-1), row(pA)) in
% Condition holds
[pos(Int2Pos (col (pA)-1), row(pA))],
% Condition does not hold
[1
)
if (

% Condition

I(pos(col(pA)+1, row(pA)) in 1v || pos(col(pA)+1, row(pA))

&& validPos (pos(col(pA)+1, row(pA)))
&& !isBlocked (pA, pos(col(pA)+1, row(pA)), fences),

% Condition holds

[pos(col(pA)+1, row(pA))],

% Condition does
[1
) ++
v, {pA} + lp, fences)

not hold

the fence placed is touching another fence on the board.

reduce the number of isGoalReachable executions

countFenceTouching (fp, fences) =
if (dir(fp) == H,

zontal placed fence

(fp) <= 2, 0, if(fpos(Int2Pos(col(fp) — 2), row(fp), dir(fp)) in fences,
+ if (fpos(col(fp) + 2, row(fp),

% Vertical placed fence

if (row

(fp) <= 2, 0, if(fpos(col

+ if (fpos(col(fp), row(fp) + 2,

if ((fp
if (col
if ((fp
if (col
if (row
if (row
if (col

R St e I S S

act
movePawn :

os(col(fp), row(fp) + 1,
(fp) <= 1,

dir (fp)) in fences, 1,

B

(fp), Int2Pos(row(fp) — 2), dir(fp)) in fences,
)

dir(fp)) in fences, 1,

if ((fpos(col(fp) + 1, row(fp) + 1, if(dir(fp) ==V, H,

if (dir(fp) ==V, H, V))

if (dir (fp) == V, H, V))

(fp) + 1, Int2Pos(row(fp) — 1),

V)) in fences), 1, 0)
in fences), 1, 0)

in fences), 1, 0)

(fp), Int2Pos (row(fp) — 1), if(dir(fp) == V, H,

os(col(fp) 1, row(fp),
(fp) <= 1,

(fp) <= 1, 0, if(fpos(col
(fp) <=1, 0, if(fpos(col
(fp) <=1 row(fp) <= 1, 0,

\
if (fpos(Int2Pos(col(fp) — 1),

Turn # Pos # Pos:

Int2Pos (row(fp) - 1),

0
+
0, if(fpos(Int2Pos(col(fp) — 1), row(fp), if(dir(fp) ==V, H,
0
0
\
(

if (dir (fp) == V, H, V))

in 1p)

1, 0))

1, 0))

, if (fpos(Int2Pos(col(fp) — 1), row(fp) + 1, if(dir(fp) == V, H, V)) in

in

in

Ip)

Ip)

fences , 1,

V)) in fences, 1,

if (dir(fp) == V, H, V)) in

0))

fences , 1,

V)) in fences, 1,

in fences ,

L,

0)):

0))

0))

0))



248
249
250
251
252
253
254
255

256

258
259
260
261
262
263
264
265
266
267
268
269
270

271

288
289
290
291
292
293
294

295

addFence: Turn # Pos # Pos # Direction;
win: Turn:

proc Game(turn:Turn, pl:Position, p2:Position, rfl:Nat, fences:FSet(FPosition), blocked:FSet(FPosition)) =
(turn != None) —> (
(row(pl) == N || row(p2) == 1)
% One of the players won
—>  win(if (row(pl) == N, P1, P2)).Game(None, pos(1,1), pos(l,1), 0, {}, {}D
% No winning player yet

< (
(turn == P1)
= (
% Player 1 moves his pawn
(sum c,r:Pos.
(validPos (pos(c, r)) && isValidMove(pl, p2, pos(c, r), fences))
— movePawn(turn, c¢, r).Game(P2, pos(c, r), p2, rfl, fences, blocked)
)
% Player 1| places a fence on the board
+ (sum c,r:Pos.sum d:Direction. (
validPos (pos(c, r)) && validPos(pos(c + 1, r + 1))
&& ! (fpos(c, r, d) in blocked)
&& rfl > 0 && isValidPlace (pl, p2, fpos(c, r, d), fences)
) —> addFence(turn, c, r, d)
.Game (P2, pl, p2, Int2Nat(rfl — 1), {fpos(c, r, d)} + fences, addBlocked(blocked, fpos(c,r,d))))
)
+ (turn == P2)
= (
% Player 2 moves his pawn
(sum c,r:Pos.
(validPos (pos(c, r)) && isValidMove(p2, pl, pos(c, r), fences))
—> movePawn(turn, ¢, r).Game(Pl, pl, pos(c, r), rfl, fences, blocked)
)
% Player 2 places a fence on the board
+ (sum c,r:Pos.sum d:Direction. (
validPos (pos(c, r)) && validPos(pos(c + 1, r + 1))
&& ! (fpos(c, r, d) in blocked)
&& ((2 % F) — (# fences) — rfl) > 0 && isValidPlace(pl, p2, fpos(c, r, d), fences)
) —> addFence(turn, c, r, d)
.Game(P1, pl, p2, rfl, {fpos(c, r, d)} + fences, addBlocked(blocked, fpos(c,r,d))))
)
)
);
init
allow ({

movePawn, addFence, win

Jo
Game(P1, pos(upperMiddle + 1,1), pos(upperMiddle + 1,N), F, {}, {}H
)
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B.1 Rule 1

APPENDIX B
MODAL p-CALCULUS FORMULAE

nu X(rfP1:Nat=F, rfP2:Nat=F).(
(forall r,c:Pos.forall d:Direction.[addFence(Pl, ¢, r, d)] (val(rfP1 > 0) && X(Int2Nat(rfP1 - 1), rfP2))) &&
(forall r,c:Pos.forall d:Direction.[addFence(P2, ¢, r, d)] (val(rfP2 > 0) && X(rfP1, Int2Nat(rfP2 - 1)))) &&
[!(exists r,c:Pos.exists d:Direction.exists t:Turn.addFence(t, c, r, d))] X(rfPl, rfP2)
)
B.2 Rule 3
[!(exists cl,rl:Pos.exists dl:Direction.movePawn(Pl, cl, rl) || addFence(Pl, cl, rl, dl))=
forall ¢2,r2:Pos.(val(c2 <= N) && val(r2 <= N)) => forall d2:Direction
(movePawn (P2, ¢2, r2) || addFence(P2, c2, r2, d2))
] false
B.3 Rule 4
nu X(turn:Turn=P1) . (
forall r,c:Pos.(val(c <= N) && val(r <= N))
forall urn . [movePawn(t, ¢, r)] (val(t turn) && X(if(t == P1, P2, Pl))) &&
forall r, os. (val(c <= N) && val(r <= N)) =>
forall t:Turn.forall d:Direction.[addFence(t, ¢, r, d)] (val(t == turn) && X(if(t == P1, P2, Pl))) &&
[!(exists r,c:Pos.(val(c <= N) && val(r <= N)) =>
exists t:Turn.exists d:Direction.(movePawn(t,c,r) || addFence(t, ¢, r, d)))] X(turn)

B.4 Rule 5

nu X(turn:Turn=P1, rfP1:Nat=F, rfP2:Nat=F, fences:FSet(FPosition)={},pA:Position=pos(upperMiddle + 1,

1) ,pB: Position=pos (upperMiddle + 1, N)).(

([!(exists r,c:Pos.exists d:Direction.exists t:Turn.movePawn(t, ¢, r) || addFence(t, ¢, r, d))] X(turn, rfPl, rfP2, fences, pA, pB)) &&
(val(turn == P1) => (exists c,r:Pos.exists d:Direction.

<movePawn(P1, ¢, r)>X(if(r==N, None, P2), rfPl, rfP2, fences, pos(c.r), pB) &&

(exists ¢3,r3:Pos.cxists d3:Direction.(val(rfPl > 0) && val(isValidPlace (pA, pB, fpos(c3, r3, d3), fences))) =>

<addFence (P1, ¢3, r3, d3)>X(P2, Int2Nat(rfPl1 - 1), rfP2, {fpos(c3, r3, d3)} + fences, pA, pB))

)) &&

(val(turn == P2) => (exists c,r:Pos.exists d:Direction.

<movePawn (P2, ¢, r)>X(if(r==1, None, P1), rfPl, rfP2, fences, pA, pos(c,r)) &&

(exists ¢3,r3:Pos.exists d3:Direction.(val(rfP2 > 0) && val(isValidPlace (pA, pB, fpos(c3, r3, d3), fences))) =>

<addFence (P2, c3, r3, d3)>X(Pl, rfPl,

))

B.5 Rule 6a

nu X(fences:FSet(FPosition)={}pA: Position=pos (upperMiddle + I,

)

(forall ¢,r:Pos.(val(c <= N) && val(r <= N)) &&

(val(abs(col(pA)—c)+abs(row(pA)-r) == 1) && val(!isBlocked(pA, pos(c,r),

(

val (abs(col(pA)—c)+abs(row(pA)-r) == 2)
val(col(pA) != c)

val (row(pA) != r)
val(!isBlocked (pA, pB,
val(!isBlocked (pB, pos(c,r),

&&
&&
&& fences))
&& fences))
&& (
val (if (pB == pos(col(pA), r),

if (row(pB) - (row(pA)-row(pB)) < 1

isBlocked (pB, pos(col(pA),

),
if (col(pB) - (col(pA)-col(pB)) < 1 ||
isBlocked (pB,
)
))
)
)
I«
val (abs (col (pA)—c)+abs (row(pA)-r) == 2)
&& (val(col (pA) c¢) || val(row(pA) != r))
&& val(!isBlocked (pA, pB, fences))
&& val(!isBlocked (pB, pos(c,r), fences))

) =

[movePawn(PI, ¢,
[movePawn (P2, ¢,
)
) &&
(val(# fences < 2 * F) => (forall
[addFence(P1, c,r.,d) || addFence(P2, c.,r,d)] X({fpos(c,r,d)} + fences,
[!(exists c¢,r:Pos.exists d:Direction.val(c <= N) && val(r <= N) && (
movePawn(P1, ¢, r) || movePawn(P2, ¢, r) || addFence(Pl,c,r,d)
))] X(fences, pA, pB)

r)] (val(!isBlocked (pB,

c,r:Pos.(val(c <= N) && val(r <= N)) => forall

| row(pB) ~ (row(pA)-row(pB)) > N,
1n12Pos (row (pB) — (row(pA)-row(pB)))), fences)

col(pB) - (col(pA)-col(pB)) > N,
pos(Int2Pos(col(pB) — (col(pA)-col(pB))), row(pA)), fences)

r)] (val('!isBlocked(pA, pos(c,r), fences)) && X(fences, pos(c,
pos(c,r), fences)) && X(fences, pA, pos(c,

Int2Nat (rfP2 — 1), {fpos(c3, r3, d3)} + fences, pA, pB))

1) .pB: Position=pos (upperMiddle + 1, N)).(

fences)))

true ,

true ,

r). pB))
r))

d:Direction .

PA, pB))) &&

| | addFence(P2,c,r,d)
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B.6 Rule 6b

nu X(pA: Position=pos(upperMiddle + 1, 1),pB:Position=pos(upperMiddle + 1, N)).(
forall c,r:Pos.[movePawn(Pl, ¢, r)] (val(col(pB) != ¢ || row(pB) != r) && X(pos(c,r), pB)) &&
forall c,r:Pos.[movePawn(P2, ¢, r)] (val(col(pA) != ¢ || row(pA) != r) && X(pA, pos(c,r))) &&
[!(exists c,r:Pos.(movePawn(Pl, ¢, r) || movePawn(P2, c, r)))] X(pA, pB)

)

B.7 Rule 7, 8 & 9

nu X(pA: Position=pos (upperMiddle + 1, 1),pB:Position=pos(upperMiddle + 1, N), fences:FSet(FPosition)={}).(
forall ¢,r:Pos.(val(c <= N) && val(r <= N)) => [movePawn(Pl, c, r)] (
(
% Move to adjacent place
(val(c == col(pA) + 1) & val(r == row(pA)))
| (val(c == col(pA) — 1) & val(r == row(pA)))

| (val(c col(pA)) && val(r row (pA) + 1))
| (val(c col(pA)) && val(r Int2Pos (row(pA) - 1)))
% Jump in straight line
| (val(c col(pA) + 2) && val(r == row(pA)) && val(col(pA) + 1 == col(pB)) && val(row(pA) == row(pB)))
| (val(c Int2Pos (col (pA) - 2)) && val(r == row(pA)) && val(Int2Pos(col(pA) - 1) == col(pB)) && val(row(pA) == row(pB)))
| (val(c == col(pA)) & val(r == row(pA) + 2) & val(col(pA) == col(pB)) && val(row(pA) + | == row(pB)))
I

(val(c == col(pA)) && val(r == Int2Pos (row(pA) — 2)) && val(col(pA) == col(pB)) && val(Int2Pos(row(pA) — 1) == row(pB)))
% Diagonal Jump
| (val(c == col(pA) + 1) & val(r == row(pA) + 1) &&
(
val (isBlocked (pB, pos(col(pA) + 2, row(pA)), fences) && col(pA) + 1
|| val(isBlocked (pB, pos(col(pA), row(pA) + 2), fences) && col(pA)
)

col (pB) && row (pA) == row (pB))
col (pB) && row(pA) + 1 == row(pB))

)
| val(if (row(pA) == 1, false, ((c == col(pA) + 1) & (r == Int2Pos (row(pA) - 1)) &&
(
(isBlocked (pB, pos(col(pA) + 2, row(pA)), fences) & col(pA) + I == col (pB) & row(pA) == row(pB))

|| (if ((row(pA) - 2 < 1), true, isBlocked(pB, pos(col(pA), Int2Pos(row(pA) - 2)), fences)) && col(pA) == col(pB) && Int2Pos (row(pA) - 1)

)
)))

| val(if ((row(pA) == 1) || (col(pA) == 1), false, ((c¢ == Int2Pos(col(pA) — 1)) && (r == Int2Pos (row(pA) — 1)) &&
(

(if ((col(pA) - 2 < 1), true, isBlocked(pB, pos(Int2Pos(col(pA) - 2). row(pA)), fences)) && Int2Pos(col(pA) — 1) == col(pB) && row(pA) ==
|| (if ((row(pA) — 2 < 1), true, isBlocked(pB, pos(col(pA), Int2Pos(row(pA) — 2)), fences)) & col(pA) == col (pB) && Ini2Pos (row(pA) — 1)

)))
| val(if((col(pA) == 1), false, ((c == Int2Pos(col(pA) — 1)) && (r == row(pA) + 1) &&
(

(if ((col(pA) — 2 < 1), true, isBlocked(pB, pos(Int2Pos(col(pA) - 2), row(pA)), fences)) && Int2Pos(col(pA) - 1) == col(pB) && row(pA) ==
I«

isBlocked (pB, pos(col(pA), row(pA) + 2), fences) && col(pA) == col(pB) && row(pA) + 1 == row(pB))
)
)))
) && X(pos(c,r), pB, fences)) &&

forall c¢,r:Pos.(val(c <= N) && val(r <= N)) => [movePawn(P2, ¢, r)] (
(
% Move to adjacent place

(val(c == col(pB) + 1) && val(r == row(pB)))

| (val(c Int2Pos (col (pB) — 1)) && val(r == row(pB)))
| (val(c col (pB)) && val(r row(pB) + 1))
| (val(c col (pB)) && val(r Int2Pos (row(pB) — 1)))
% Jump in aight line
| (val(c col(pB) + 2) && val(r == row(pB)) && val(col(pB) + 1 == col(pA)) && val(row(pB) == row(pA)))
| (val(c Int2Pos (col (pB) — 2)) && val(r == row(pB)) && val (Ini2Pos(col (pB) — 1) == col(pA)) && val (row(pB) == row (pA)))
| (val(c col (pB)) && val(r == row(pB) + 2) & val(col(pB) == col(pA)) && val(row(pB) + 1 == row(pA)))
I

(val(c == col(pB)) && val(r == Int2Pos(row(pB) - 2)) && val(col(pB) == col(pA)) && val(Int2Pos(row(pB) — 1) == row(pA)))
% Diagonal Jump
| (val(c == col(pB) + 1) && val(r == row(pB) + 1) &&
(
val (isBlocked (pA, pos(col(pB) + 2, row(pB)), fences) && col(pB) + 1 == col(pA) && row(pB) == row(pA))
|| val(isBlocked (pA, pos(col(pB), row(pB) + 2), fences) && col(pB) == col(pA) && row(pB) + 1 == row(pA))
)

)
| val(if (row(pB) == 1, false, ((c¢ == col(pB) + 1) && (r == Int2Pos(row(pB) - 1)) &&

(isBlocked (pA, pos(col(pB) + 2, row(pB)), fences) && col(pB) + 1 == col(pA) && row(pB) == row(pA))

|| (if ((row(pB) - 2 < 1), true, isBlocked(pA, pos(col(pB), Int2Pos(row(pB) - 2)), fences)) && col(pB) == col(pA) && Int2Pos (row(pB) - 1)

)))
| val(if ((row(pB) == 1) || (col(pB) == 1), false, ((c¢ == Ini2Pos(col(pB) — 1)) && (r == Ini2Pos(row(pB) - 1)) &&
(

(if ((col(pB) — 2 < 1), true, isBlocked(pA, pos(Int2Pos(col(pB) - 2), row(pB)), fences)) && Int2Pos(col(pB) - 1) == col(pA) && row(pB) ==
|| (if ((row(pB) — 2 < 1), true, isBlocked(pA, pos(col(pB), Int2Pos(row(pB) — 2)), fences)) & col(pB) == col(pA) && Int2Pos (row(pB) — 1)

))
| val(if((col(pB) == 1), false, ((c¢ == Int2Pos(col(pB) - 1)) && (r == row(pB) + 1) &&

(
(if ((col(pB) - 2 < 1), true, isBlocked(pA, pos(Int2Pos(col(pB) — 2), row(pB)), fences)) & Int2Pos(col(pB) — 1) == col(pA) && row(pB) ==
|| (isBlocked (pA, pos(col(pB), row(pB) + 2), fences) & col(pB) == col(pA) && row(pB) + I == row(pA))
)
)))

) && X(pA, pos(c,r), fences)) &&
forall t:Turn.forall c,r:Pos.forall d:Direction.[addFence(t, c, r, d)] X(pA, pB, {fpos(c, r, d)} + fences) &&
[!(exists t:Turn. exists c,r:Pos. exists d:Direction.
(val(c <= N) & val(r <= N))
&& (
movePawn(P1, ¢, r) |
movePawn (P2, ¢, r) |
addFence(t, ¢, r, d)

)
)] X(pA, pB, fences)
)

== row(pB))

row (pB))
== row(pB))

row (pB))

== row(pA))

row (pA))
== row(pA))

row (pA))



B.8 Rule 11

I nu X(If:List(FPosition)=[]).(
forall

2 c,r:Pos.forall d:Direction. forall t:Turn.[addFence(t, ¢, r, d)]
3 (
4 !'val(fpos(c, r, V) in If)
5 && !val(fpos(c, r, H) in 1f)
6 && val (if ((((¢ == 1) && (d == H)) || ((r == 1) && (d == V))), true, !(fpos(Int2Pos(c — if ((d==H), 1, 0)), Int2Pos(r — if ((d==V), 1, 0)),
7 && !val(fpos(c + if ((d==H), 1, 0), r + if((d==V), 1, 0), d) in 1f)
8
9 && X(1f ++ [fpos(c, r, d)])
10 )
Il && [!(exists c,r:Pos.exists d:Direction.exists t:Turn.addFence(t,c,r,d))] X(1f)
12 )
B.9 Rule 12
| nu X(pA:Position=pos (upperMiddle + 1, 1),pB:Position=pos(upperMiddle + 1, N), fences:FSet(FPosition)={}).(
2 (forall t:Turn.forall c¢,r:Pos.[movePawn(t, ¢, r)] X(if(t==P1, pos(c,r), pA), if(t==P2, pos(c,r), pB), fences)) &&
3 (forall t:Turn.forall c,r:Pos.forall d:Direction.
4 [addFence(t, ¢, r, d)]
5 val (isGoalReachable (P1, [pA], {}, {fpos(c,r.d)} + fences))
6 && val(isGoalReachable (P2, [pB], {}, {fpos(c.r.,d)} + fences))
7 && X(pA, pB, {fpos(c,r,d)} + fences)
8 )
9 ) &&

10 [!(exists c,r:Pos.exists

1)

B.10 Rule 13

I forall t:Turn.forall c:Pos.(val(c <= N)) => [truex*.movePawn(t,

B.11 Rule 14

[!(win(P1) || win(P2))*]<true>true

t:Turn.exists d:Direction.movePawn(t, ¢, r) ||

addFence(t, ¢, r, d))] X(pA, pB, fences)

¢, if(t == P1, N, 1))]<win(t)>true

d)

in

1f)))
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